A commonly used mathematical model for jet engines that captures the ow behavior of a compression system, known as the viscous Moore-Greitzer PDE model, consists of a PDE and two ODEs. The PDE describes the behavior of disturbances in the inlet region of the compression system, and the two ODEs describe the coupling of the disturbances with the mean ow. In this paper, we study this full-order model, and rst show that it is not topologically equivalent to its linearized version near the point where the pressure rise reaches its maximum. We further show that the model features a center manifold near this maximum pressure rise, which makes it possible to translate the study of the behavior of the local ow in the compressor into a study of the ow of three scalar di erential equations on the center manifold, which w e carry out in the paper.
Introduction
One of major challenges in the design and operation of compression systems is handling the instabilities that arise in the unsteady uid and structural dynamics. This is because when a turbomachine, such as a jet engine, operates near its optimal operating point, the ow can become unstable. Such instability phenomena can lead to an undesirable reduction in the performance of compression systems or even damage to engine components during operations.
The way a compression system operates can be described roughly as follows: As air ow goes through the compressor, it is compressed by alternating rings of rotating blades and stationary blades then, the mixture of fuel and compressed air is ignited, resulting in combustion that provides t h e o u t p u t p o wer. Two dynamic instabilities, rotating stall and surge, occur in the ow through the compressor. Rotating stall, which corresponds to a traveling wave o f gas around the annulus of the compressor, occurs when a nonaxisymmetric ow disturbance develops (around the annulus of the rotor) and causes severe reduction in the performance of the compressor. As rotating stall develops, axisymmetric oscillations across the compression system, known as surge, occur. Surge is a low-frequency, large-amplitude oscillation of the mean ow rate in the compressor which induces high blade, causing stress levels and possible reverse ow which a ects ow conditions throughout the entire compression system. These instability phenomena must be avoided during the operation of a compressor.
Moore and Greitzer 9] developed a relatively simple model that captures (and describes) the behavior of a compression system. This model consists of a PDE, which describes the behavior of disturbances in the inlet region of compression systems, and two ODEs, which describe the coupling of the disturbances with the mean ow. Considerable research has been carried out on the analysis and control of the stall and the surge, using simpli ed models obtained by a Galerkin projection of the PDE describing the stall dynamics onto its rst Fourier models (for example, see 6], 7], 12] and references therein), but relatively little research has been conducted heretofore on the analysis of the full PDE model. Although the single harmonic Galerkin method is a useful approximation for general transients, and prov i d e s a n a ccurate picture of the nonlinear e ect of rotating stall on performances, it cannot accurately represent wave of the relaxation type of transition which arises in fully developed rotating stall. Experimental observations of the behavior of disturbance velocity p o t e n tial in compression systems indicate that its shape is often far from being sinusoidal 9]. Recent studies on the analysis and cont r o l o f t h e f u l l P D E model of Moore The goal of this paper is to contribute towards a better understanding of the ow behavior in compression systems. We establish the existence of a local center manifold for the Moore-Greitzer PDE model with viscous term 1 as the throttle coe cient is reduced to a certain value. The qualitative b e h a vior of the local ow in the compressor can then be determined from the ow of three appropriate scalar dif-ferential equations on the center manifold. Based on an analysis of the reduced system, we show t h a t the MooreGreitzer PDE model with viscous term is unstable when its linearized system has a pair of purely imaginary eigenvalues.
The paper is organized as follows: In section 2, we rst brie y describe the physical model, and then introduce some functional spaces and convert the Moore-Greitzer PDE model into an abstract evolution equation. We p r o ve that the system operator of the linearized Moore-Greitzer PDE model is an in nitesimal generator of an analytic semigroup, which is crucial for the existence of a center manifold of the Moore-Greitzer PDE model. We then establish in section 3 the existence of a center manifold, and demonstrate in section 4 instability of the Moore-Greitzer PDE model through a study of the reduced system on the center manifold. The paper ends with the concluding remarks of section 5.
The Physical Model and Some Preliminaries
The following are pressure-balance equations of a compression system, called the Moore-Greitzer model, which describes the behavior of the axial ow compression system their derivation can be found in 9]:
Here, the subscripts denote partial di erentiation 0 denotes the upstream disturbance velocity is the annulus-averaged axial ow coe cient is the annulusaveraged total-to-static pressure rise coe cient is the dimensionless time variable c is the characteristic function of the compressor B is the plenum/compressor volume ratio, which is called Greitzer B-parameter m is the duct parameter a is the internal compressor lag is the circumferential angle around the compressor annulus > 0 i s the viscous coe cient and F ;1 T is the inverse throttle characteristic function, which controls the dimensionless mass ow through the throttle.
Under the assumption that the velocity eld is unperturbed at the entrance, the upstream disturbance velocity 0 satis es Laplace's equation: which p r o vides the expression for the pressure rise between the upstream reservoir and the exit duct discharge. Equation (2.1) is obtained by computing the circumferential mean of boundary condition (2.4) and describes the change of the mass ow through the compressor. Equation (2.2) accounts for dynamic pressure changes downstream the compressor exit, in the plenum and across the throttle.
We will assume throughout this paper that the compressor characteristic has a general cubic form: > 0 c1 := a1 ; a 2 2 3a3 0 and c3 := a3 < 0. A realistic throttle characteristic function FT , on the other hand, can be assumed to be parabolic in , that is:
and thus in (2.2)
where > 0 is the throttle coe cient which is used to adjust the position of the throttle.
An Abstract Evolution Equation
Let _ L 2 (0 2 ) be the space of all square integrable 2 -periodic functions with zero average, that is, 
Properties of the Operator A
The following result will be needed in the development o f the next section. It essentially says that the spectrum of A contains only a point spectrum.
Proposition 1 (1) A is a Riesz-spectral operator 2 (2) A is the in nitesimal generator of a compact analytic semigroup on X.
2
A linear, closed operator on a Hilbert space is called a Rieszspectral operator if all its eigenvalues f n n 2 Zg are simple, and the corresponding eigenvectors form a Riesz basis, and the closure of f n n 2 Zg is totally disconnected. Totally disconnected means that no two p o i n ts , 2 f n n 2 Zg c a n b e j o i n e d b y a segment lying entirely in f n n 2 Zg. F or more details, see 5]. 
The Linearized Viscous Moore-Greitzer PDE Model
Let us consider the linearized system of (2.13) at its nominal equilibrium point. Let xe = fge e eg be an equilibrium point of (2.13) with ge = 0 e = c( e). The linearized equation of (2.13) at xe is given by _ x = Ax + dfx e x (2.16) where dfx e denotes the Fr echet derivative o f f on X, which is dfx e = We rst claim that r(L) = . Note that if 2 r(L), then it must be in p(L ) however, it is easy to
Hence r(L) = . Next we claim that c(L) = . For any Theorem 1 The analytic semigroup T(t) generated b y t h e operator L is exponentially stable provided > c.
Remark 2.1. Clearly when < c, the nominal equilibrium point xe is unstable. In section 4, we will show that when = c the equilibrium point xe is unstable. Let A = ( I ; P)L and for w1 2 V w2 2 V ? , l e t f1(w1 w 2 ) = P F (w1 w 2) (3.8) f2(w1 w 2 ) = (I ; P)F(w1 w 2) (3.9) where F(w1 w 2) = f( w1+w2);df xe (w1+w2). Equation (2.13) can be written as _ w1 = LjV w1 + f1(w1 w 2 ) (3.10) _ w2 = Aw2 + f2(w1 w 2 ): (3.11) Next we provide the de nition of a center manifold for (2.13).
De nition 1 A s e t S X R is said to be a l o cally invariant manifold for (3.2)-(3.3) if for w0 = ( g0 0 0 0) 2 S, the solution w(t) = ( g(t) (t) (t) 0 ) of (3.2)-(3. T . To determine the stability of (4.3), we n e e d t o t a k e a closer look at its nonlinear terms. Let us rst introduce a lemma. In order to calculate an approximation to h, set (M ' )(w1) = ' 0 (w1) LjV w1 + f1(w1 ' (w1))] ; A '(w1) ;f2(w1 ' (w1)) (4.6) where ' is a C 1 map from a neighborhood of the origin in V into V ? such t h a t '(0) = 0 ' 0 ( 0 ) = 0 a n d '(w1) 2 D(A).
Let '(w1) = O(jsj (4.8)
According to ( 4] ) the above system characterizes the behavior of (3.10)-(3.11) for small j ; cj when the MooreGreitzer PDE model operates near its optimal designed operating point since if p( ) is the solution of (4.1), we h a ve: w1( ) = p( ) + O(e ;c ) (4.9) w2( ) = h(p( )) + O(e ;c ) (4.10) where c > 0 is a constant. This leads to the following result:
Theorem 4 The nominal equilibrium of the MooreGreitzer PDE model is unstable when the throttle coe cient is reduced t o b elow the critical value c. Equivalently, the Moore-Greitzer PDE model is unstable near its optimal designed o p erating point.
Concluding Remarks
In this paper we h a ve established the existence of a center manifold for the Moore-Greitzer PDE model. The center manifold is used to reduce the PDE model into a threedimensional system, which can provide the stability information of the full-order model. The model is unstable near the (designed) optimal equilibrium. There is in fact a topological change in the nature of the solution of the model, which results in the creation of a periodic orbit from this equilibrium. The bifurcation is in fact a subcritical Hopf bifurcation. Veri cation this will be provided in the full version of this paper 15].
